The crustal fraction of moment of inertia in neutron stars is calculated using β-equilibrated nuclear matter obtained from density dependent M3Y effective interaction. The transition density, pressure and proton fraction at the inner edge separating the liquid core from the solid crust of the neutron stars determined from the thermodynamic stability conditions are found to be ρt = 0.0938 fm −3 , Pt = 0.5006 MeV fm −3 and x p(t) = 0.0308, respectively. The crustal fraction of the moment of inertia can be extracted from studying pulsar glitches and is most sensitive to the pressure as well as density at the transition from the crust to the core. These results for pressure and density at core-crust transition together with the observed minimum crustal fraction of the total moment of inertia provide a new limit for the radius of the Vela pulsar: R ≥ 4.10 + 3.36M/M⊙ kms.
I. INTRODUCTION
Pulsar glitches, which are discontinuities in the spindown of pulsars, involve sudden transfer of angular momentum from an isolated component (consisting of superfluid neutrons in crust) to the entire star through vortex unpinning. The sudden jumps in rotational frequencies ω which may be as large as ∆ω ω ∼ 10 −6 − 10 −9 have been observed for many pulsars. The frequency of observed glitches is statistically consistent with the hypothesis that all radio pulsars experience glitches [1] . Glitches are thought to originate from interactions between the rigid neutron star crust, typically somewhat more than a kilometer thick, and rotational vortices in a neutron superfluid. The inner kilometer of crust consists of a crystal lattice of nuclei immersed in a neutron superfluid [2] . Because the pulsar is spinning, the neutron superfluid (both within the inner crust and deeper inside the star) is threaded with a regular array of rotational vortices. As the spin of the pulsar gradually slows, these vortices must gradually move outwards since the rotational frequency of a superfluid is proportional to the density of vortices. Deep within the star, the vortices are free to move outwards. In the crust, however, the vortices are pinned by their interaction with the nuclear lattice. Various theoretical models [3] [4] [5] [6] [7] differ in important respects as to how the stress associated with pinned vortices is released in a glitch: for example, the vortices may break and rearrange the crust, or a cluster of vortices may suddenly overcome the pinning force and move macroscopically outward, with the sudden decrease in the angular momentum of the superfluid within the crust resulting in a sudden increase in angular momentum of the rigid crust itself and hence a glitch. All the models agree * E-mail 1: debasisa906@gmail.com; E-mail 2: somnathm@vecc.gov.in; E-mail 3: dnb@vecc.gov.in that the fundamental requirements are the presence of rotational vortices in a superfluid and the presence of a rigid structure which impedes the motion of vortices and which encompasses enough of the volume of the pulsar to contribute significantly to the total moment of inertia.
In the present work, the equation of state (EoS) used is obtained from the density dependent M3Y effective nucleon-nucleon interaction (DDM3Y) for which the incompressibility K ∞ for the symmetric nuclear matter (SNM), nuclear symmetry energy E sym (ρ 0 ) at saturation density ρ 0 , the isospin dependent part K τ of the isobaric incompressibility and the slope L are in excellent agreement with the constraints recently extracted from measured isotopic dependence of the giant monopole resonances in even-A Sn isotopes, from the neutron skin thickness of nuclei, and from analyses of experimental data on isospin diffusion and isotopic scaling in intermediate energy heavy-ion collisions [8, 9] . The core-crust transition in neutron stars is determined [10] by analyzing the stability of the β-equilibrated dense nuclear matter with respect to the thermodynamic stability conditions [11] [12] [13] [14] [15] . The mass-radius relation for neutron stars is obtained by solving the Tolman-Oppenheimer-Volkoff Equation (TOV) [16, 17] and then the crustal fraction of moment of inertia is determined using pressure and density at core-crust transition. As the angular momentum requirements of glitches in Vela pulsar indicate that 1.4% of the star's moment of inertia drives these events, the allowed region for masses and radii for Vela pulsar is determined from the condition that the crustal fraction of moment of inertia ∆I I > 0.014 which sets a new limit for its radius.
II. CORE-CRUST TRANSITION IN β-EQUILIBRATED NEUTRON STAR MATTER
The nuclear matter EoS is calculated using the isoscalar and the isovector [18, 19] components of M3Y interaction along with density dependence. The density dependence of this DDM3Y effective interaction is completely determined from nuclear matter calculations. The equilibrium density of the nuclear matter is determined by minimizing the energy per baryon. The energy variation of the zero range potential is treated accurately by allowing it to vary freely with the kinetic energy part ǫ kin of the energy per baryon ǫ over the entire range of ǫ. This is not only more plausible, but also yields excellent result for the incompressibility K ∞ of the SNM which does not suffer from the superluminosity problem [20] .
In a Fermi gas model of interacting neutrons and protons, with isospin asymmetry X = ρn−ρp ρn+ρp , ρ = ρ n + ρ p , where ρ n , ρ p and ρ are the neutron, proton and baryonic number densities respectively, the energy per baryon for isospin asymmetric nuclear matter can be derived as [20] 
where m b is the baryonic rest mass,
which equals Fermi momentum in case of SNM, the kinetic energy per baryon 
where s represents the relative distance between two interacting baryons, J 00 = −276 MeV.fm 3 , J 01 = +228 MeV.fm 3 and the energy dependence parameter α = 0.005 MeV −1 . The strengths of the Yukawas were extracted by fitting its matrix elements in an oscillator basis to those elements of G-matrix obtained with Reid-Elliott soft core NN interaction and the ranges were selected to ensure OPEP tails in the relevant channels as well as a short-range part which simulates the σ-exchange process [21] . The density dependence is employed to account for the Pauli blocking effects and the higher order exchange effects [22] . Thus the DDM3Y effective NN interaction is given by v 0i (s, ρ, ǫ
where the density dependence g(ρ) = C(1 − βρ n ) [20] with C and β being the constants of density dependence.
The β-equilibrated nuclear matter EoS is obtained by evaluating the asymmetric nuclear matter EoS at the isospin asymmetry X = 1 − 2x p determined from the β-equilibrium proton fraction
∂ǫ ∂X . The thermodynamical method requires the system to obey the intrinsic stability condition V thermal > 0 which is given by
and obviously, it goes to zero at the inner edge separating the liquid core from the solid crust since it corresponds to a phase transition from the homogeneous matter at high densities to the inhomogeneous matter at low densities. The core-crust transition density ρ t , pressure P t and proton fraction x p(t) of the neutron stars are obtained [10] by setting V thermal = 0 which goes to negative with decreasing density.
III. CRUSTAL FRACTION OF MOMENT OF INERTIA IN NEUTRON STARS
The crustal fraction of the moment of inertia ∆I I can be expressed as a function of M (gravitational mass of the star) and R (radius of the star) with the only dependence on the equation of state arising from the values of transition density ρ t and pressure P t . Actually, the major dependence is on the value of P t , since ρ t enters only as a correction in the following approximate formula [2] 
where ξ = GM Rc 2 . The crustal fraction of the moment of inertia is particularly interesting as it can be inferred from observations of pulsar glitches, the occasional disruptions of the otherwise extremely regular pulsations from magnetized, rotating neutron stars [23] . Link et al. [2] showed that glitches represent a self-regulating instability for which the star prepares over a waiting time. The angular momentum requirements of glitches in the Vela pulsar indicate that more than 0.014 of the moment of inertia drives these events. So, if glitches originate in the liquid of the inner crust, this means that ∆I I > 1.4%.
IV. TOLMAN-OPPENHEIMER-VOLKOFF EQUATION AND MASS-RADIUS RELATION
In astrophysics, the Tolman-Oppenheimer-Volkoff (TOV) equation [16, 17] constrains the structure of a spherically symmetric body of isotropic material which is in static gravitational equilibrium, as modelled by general relativity and is given by 
where
which can be easily solved numerically using RungeKutta method for masses and radii. The quantities ε(r) and P (r) are the energy density and pressure at a radial distance r from the centre, and are given by the equation of state. The mass of the star contained within a distance r is given by m(r). The size of the star is determined by the boundary condition P (r) = 0 and the total mass M of the star integrated up to the surface R is given by M = m(R) [24] . The single integration constant needed to solve the TOV equation is P c , the pressure at the center of the star calculated at a given central density ρ c . The masses of slowly rotating neutron stars are very close [25] [26] [27] to those obtained by solving TOV equation. The moment of inertia of neutron stars is calculated by assuming the star to be rotating slowly with a uniform angular velocity Ω [28] . The angular velocityω(r) of a point in the star measured with respect to the angular velocity of the local inertial frame is determined by the equation
where The function φ(r) is constrained by the condition
where the chemical potential µ(r) is defined as
Using these relations, Eq.(6) can be solved subject to the boundary conditions thatω(r) is regular as r → 0 and ω(r) → Ω as r → ∞. Then moment of inertia of the star can be calculated using the definition I = J/Ω, where the total angular momentum J is given as
V.
THEORETICAL CALCULATIONS
The calculations are performed using the values of the saturation density ρ 0 =0.1533 fm −3 [29] and the saturation energy per baryon ǫ 0 =-15.26 MeV [30] for the SNM obtained from the co-efficient of the volume term of Bethe-Weizsäcker mass formula which is evaluated by fitting the recent experimental and estimated atomic mass 2 3 of symmetric nuclear matter incompressibility K∞, nuclear symmetry energy at saturation density Esym(ρ0), the slope L and isospin dependent part Kτ of the isobaric incompressibility (all in MeV) [9] are tabulated along with the density, pressure and proton fraction at the core-crust transition for β-equilibrated neutron star matter and corresponding Vela pulsar constraint. terms are also included [33] . Using the usual value of α = 0.005 MeV −1 for the parameter of energy dependence of the zero range potential and n = 2 3 , the values obtained for the constants of density dependence C and β and the SNM incompressibility K ∞ are 2.2497, 1.5934 fm 2 and 274.7 MeV, respectively. The saturation energy per baryon is the volume energy coefficient and the value of -15.26±0.52 MeV covers, more or less, the entire range of values obtained for a v for which now the values of C=2.2497±0.0420, β=1.5934±0.0085 fm 2 and the SNM incompressibility K ∞ =274.7±7.4 MeV [20] .
K∞
The stability of the β-equilibrated dense matter in neutron stars is investigated and the location of the inner edge of their crusts and core-crust transition density and pressure are determined using the DDM3Y effective nucleon-nucleon interaction. The results for the transition density, pressure and proton fraction at the inner edge separating the liquid core from the solid crust of neutron stars are calculated and presented in Table-I for n = 2 3 . The symmetric nuclear matter incompressibility K ∞ , nuclear symmetry energy at saturation density E sym (ρ 0 ), the slope L and isospin dependent part K τ of the isobaric incompressibility are also tabulated since these are all in excellent agreement with the constraints recently extracted from measured isotopic dependence of the giant monopole resonances in even-A Sn isotopes, from the neutron skin thickness of nuclei, and from analyses of experimental data on isospin diffusion and isotopic scaling in intermediate energy heavy-ion collisions.
The calculations for masses and radii are performed using the EoS covering the crustal region of a compact star which are Feynman-Metropolis-Teller (FMT) [34] , BaymPethick-Sutherland (BPS) [35] and Baym-Bethe-Pethick (BBP) [36] upto number density of 0.0582 fm −3 and β-equilibrated neutron star matter beyond. The values of I obtained by solving Eq.(6) subject to the boundary conditions stated earlier are listed in Table-II along with Table- II. In Fig.-1 , variation of mass with central density is plotted for slowly rotating neutron stars for the present nuclear EoS. In In Table- III, the variations with parameter n of the core-crust transition density, pressure and proton fraction for β-equilibrated neutron star matter, symmetric nuclear matter incompressibility K ∞ , isospin dependent part K τ of isobaric incompressibility, neutron star's maximum mass with corresponding radius and crustal thickness are listed along with corresponding Vela pulsar constraints. It is important to mention here that recent observations of the binary millisecond pulsar J1614-2230 by P. B. Demorest et al. [37] suggest that the masses lie within 1.97±0.04 M ⊙ where M ⊙ is the solar mass.
VI. RESULTS AND DISCUSSION
Recently, it is conjectured that the glitches observed in the Vela pulsar require an additional reservoir of angular momentum and the crust may not be enough to explain the phenomenon [38] . Large pulsar frequency glitches can be interpreted as sudden transfers of angular momentum between the neutron superfluid permeating the inner crust and the rest of the star. In spite of the absence of viscous drag, the neutron superfluid is strongly coupled to the crust due to non-dissipative entrainment effects. It is often argued that these effects may limit the maximum amount of angular momentum that can possibly be transferred during glitches [39] . We find that the present EoS can accommodate large crustal moments of inertia and that large enough transition pressures can be generated to explain the large Vela glitches without invoking an additional angular-momentum reservoir beyond that confined to the solid crust. Our results suggest that the crust may be enough [40] which can be substantiated from Table-II The results listed in Table- III suggest that SNM incompressibility do have some effect in determining the crustal fraction of moment of inertia and on the Vela Pulsar Radius Constraint like some other recent studies [41] . But the incompressibility values of about 15 MeV window around 270 MeV corresponding to n = 2 3 is experimentally supported. The present status of experimental determination of the SNM incompressibility from the compression modes ISGMR and isoscalar giant dipole resonance (ISGDR) of nuclei infers [42] that due to violations of self consistency in HF-RPA calculations of the strength functions of giant resonances result in shifts in the calculated values of the centroid energies which may be larger in magnitude than the current experimental uncertainties. In fact, the prediction of K ∞ lying in the range of 210-220 MeV were due to the use of a not fully selfconsistent Skyrme calculations [42] . Correcting for this drawback, Skyrme parmetrizations of SLy4 type predict K ∞ values in the range of 230-240 MeV [42] . Moreover, it is possible to build bona fide Skyrme forces so that the SNM incompressibility is close to the relativistic value, namely 250-270 MeV. Hence, from the ISGMR experimental data, conclusion may be drawn that K ∞ ≈ 240 ± 20 MeV. Moreover, the constant of density dependence β=1.5934±0.0085 fm 2 , which has the dimension of cross section for n = 2 3 , can be interpreted as the isospin averaged effective nucleon-nucleon interaction cross section in ground state symmetric nuclear medium. For a nucleon in ground state nuclear matter k F ≈ 1.3 fm −1 and q 0 ∼hk F c ≈ 260 MeV and the present result for the 'in medium' effective cross section is reasonably close to the value obtained from a rigorous Dirac-Brueckner-HartreeFock [43] calculations corresponding to such k F and q 0 values which is ≈ 12 mb. Using the value of the constant of density dependence β=1.5934±0.0085 fm 2 corresponding to the value of the parameter n = 2 3 along with the baryonic density of 0.1533 fm −3 , the value obtained for the nuclear mean free path λ is about 4 fm which is in ex-cellent agreement [44] with that obtained using another method.
VII. SUMMARY AND CONCLUSION
In summary, the DDM3Y effective interaction which provides a unified description of elastic and inelastic scattering, proton-, α-, cluster-radioactivities and nuclear matter properties, also provides an excellent description of the β-equilibrated neutron star matter which is stiff enough at high densities to reconcile with the recent observations of the massive compact stars [25] [26] [27] while the corresponding symmetry energy is supersoft as preferred by the FOPI/GSI experimental data. The neutron star core-crust transition density, pressure and proton fraction determined from the thermodynamic stability condition to be ρ t = 0.0938 fm −3 , P t = 0.5006 MeV fm −3 and x p(t) = 0.0308, respectively, along with observed minimum crustal fraction of the total moment of inertia of the Vela pulsar provide a new limit for its radius. It is somewhat different from the other estimates [2, 45] and imposes a new constraint R ≥ 4.10 + 3.36M/M ⊙ kms for the mass-radius relation of Vela pulsar like neutron stars.
